Let h m,p (z), (m, p) ∈ Z + × Z + , be the Landau orthogonal basis of the Hilbert space on L 2 (C, e −|z| 2 dλ(z)) where λ(z) is the usual Lebesgue measure on the complex plane. In this paper we give some spectral properties of the Cauchy transform on the orthogonal complement of Bargmann space
Introduction and statement of the main results
Let dµ(z) = e −|z| 2 dλ(z) be the Gaussian density on the complex plane C := {z = x + iy; (x, y) ∈ R 2 }, |z| 2 = x 2 + y 2 and dλ(z) = dx dy is the usual Lebesgue measure on C = R 2 .
Then in [7] Dostanic has investigated some spectral properties of the Cauchy transform C defined by
Namely, the sequence of the singular values s p (C), p ∈ Z + , of the compact operator C in L 2 (C, dµ(z)) behaves when p → ∞ as s p (C) = 1 √ p (1 + o(1) ) and that the sequence of singular values s p (P 0 C), p ∈ Z + , behaves when p → ∞ as s p (P 0 C) = o(e −p Log √ 3 ), where P 0 is the orthogonal projection operator from L 2 (C, dµ(z)) onto the Bargmann space [5] :
Now our main aim in this paper is to discuss some spectral properties of the Cauchy transform C on the orthogonal complement Λ ⊥ 0 (C) of Bargmann space Λ 0 (C) in L 2 (C, dµ(z)). This will be possible by using the following Hilbertian orthogonal decomposition of L 2 (C, dµ(z)) given by is a second order elliptic differential operator of Laplacian type. Thus using the Hilbertian orthogonal decomposition (1.2) of the space L 2 (C, dµ(z)), we will be able to give, for every fixed m ∈ Z + , explicit formulae for the nonzero eigenvalues λ m,p , p = 0, 1, 2, . . . , of the positive operator
|P m C| := (P m C) (P m C)
where P m is the orthogonal projection operator from L 2 (C, dµ(z)) onto the space Λ m (C) in L 2 (C, dµ(z)) by (1.3) .
Indeed, the main results to which is aimed this paper can be stated as follows. [10] or [11, 12] , are defined by
where (·) is gamma function.
(ii) For p m − 1, the nonzero-eigenvalues λ m,p of the operator |P m C| are given simply using (1.4) by 
Now we give an outline of the content of this paper. In Section 2, we recall the main properties of the Landau basis h m,p (z) of L 2 (C, dµ(z)) that are relevant for our purpose. Section 3 deals with the action of the Cauchy transform in (1.1) on the Landau basis {h m,p (z)} of L 2 (C, dµ(z)). In Section 4, we provide for fixed m explicit formulae for the Schwartz kernel functions of P m C as well of (P m C) (P m C) and we give the proof of main results stated in Section 1. Proceeding in the same way, we deal with the Green transform on L 2 (C, dµ(z)) and we state its main spectral properties that correspond to the analog of what we have done for the Cauchy transform C on L 2 (C, dµ(z)).
The Landau orthogonal basis h m,p (z), (m, p)
In this section,we state some elementary properties of the polynomials h m,p (z), (m, p) ∈ Z + × Z + , of Hermite type [15] 
∂y . Namely the following proposition summarize the properties of these polynomials h m,p (z) in the following proposition that we will be using in this paper. 
.
Then the following statements hold: 
Thus if p m in the above, we can reindex the above summation by setting k = m − j and to obtain in this case that we have
But the last summation over k is equal to the confluent hypergeometric function 1 F 1 (−m; p − m + 1; |z| 2 ). Hence the formula in (β) of (i) holds. Now to show that (β) holds also when p m, we reindex the above summation in j by setting this time, k = p − j and we see clearly that (β) holds. Note that the formulae when p m or p m can be put together into a closed one formula. Namely, for every (m, p) ∈ Z + × Z + we have
and give a precise description of the expansion of their elements in terms of the appropriate Fourier series on C. As these spaces are realized as the null space of the operator A A − mI , m ∈ Z + , where
Further the spaces Λ m (C) are pairwise orthogonal in L 2 (C, dµ(z)) and we have the Hilbert decomposition L 2 (C, dµ(z)) = m 0 Λ m (C). See [4] for more details.
(iii) For fixed m ∈ Z + , let P m (z, w) be the integral Schwartz kernel of the orthogonal projec-
and by using (i) we can deduce the explicit expressions of the P m (z, w) as
But this series can be written in a closed form (see [4, (2.6 )]) as
The Cauchy transform in L 2 (C C C, dµ(z)) and its action on the Landau basis of
In this section, we recall the definition of Cauchy transform in L 2 (C, dµ(z)) as well as some of their elementary properties in the Carleman-Schatten classes and we give a precise description of its action on the Landau basis
Definition of Cauchy transform in L 2 (C, dµ(z)) and their properties in Schatten scale
Let begin by recalling that L 2 (C, dµ(z)) is the Hilbert space whose the elements are Lebesgue measurable complex valued functions f (z) on C that are square integrable with respect to Gaussian density measure
is defined as integral operator given by
In below we denote by N(z, ξ ) := 
Then the Cauchy transform
This proposition can be deduced from Dostanic's results [7] . However, it can also be obtained by combination of Russo's theorem [14] and our following Lemma 3.2. This lemma give explicit informations on the kernel of Cauchy transform and the technique used in its proof can be useful for others concrete kernels. The proof of this proposition will be preceded by two lemmas, the first is Russo's theorem.
Lemma 3.1 (Russo theorem [14]). Let (X, dµ) be a finite measure space and let
be an integral operator. Let 1 < q 2 and let p be the conjugate exponent:
Suppose that
the Schwartz kernel function associated to the Cauchy transform in L 2 (C, dµ(z)).
Then for every 0 q < 2 we have:
Proof of Proposition 3.1. Note that |N(z, w)| is symmetric in (z, w). Thus the estimate (i) hold also in replacing there z by w. In particular for q = 1, the Schur lemma hold from which we deduce that the Cauchy transform C is bounded operator (even a contraction) in L 2 (C, dµ(z)). Further using (ii) of Lemma 3.2 combined with the fact that vol((C, dµ(z)) = π , it becomes obvious that the assumptions of Lemma 3.1 hold. Hence the operator C belongs to S p for every p > 2. This complete the proof of Proposition 3.1. 2 Proof of Lemma 3.2. For (i) we set ξ = z + √ xω, x > 0, and ω ∈ S 1 = {ω ∈ C; |ω| = 1}. Then the integral in ξ considered in (i) can be written as an integral J over ]0, ∞[ . Namely
where f q (x) = x −q/2 is integrable near x = 0 when q < 2. Now the integral over the circle S 1 can be easily evaluated and the result is
√ x|z| where I 0 (z) is the 0th order modified Bessel function. Hence replacing this in (a) we see that for f q (x) = x −q/2 , we can integrate term by term to obtain in this case that for the Cauchy kernel N(z, ξ ) we have
But the last series in (b) is equal to (1 − q/2) 1 F 1 (1 − q/2, 1, |z| 2 ) for every q < 2. Henceforth we get the desired formula (i), i.e.
Next we prove the estimate (ii) by using the integral representation [8, p. 196] given by
with α = 1−q/2, γ = 1 and x = |z| 2 , we see that the confluent hypergeometric function involved in (c) can be estimated, for 0 q < 2, as
for every z ∈ C.
Thus replacing this into (c) it follows at once that for q ∈ [0, 2[ we have
Hence (ii) holds and the proof of Lemma 3.2 is complete. 2
Action of Cauchy transform on the Landau basis of L 2 (C, dµ(z))
In this section we establish explicit formula for the action of the Cauchy transform C on the Landau basis {h m,p (z)} of L 2 (C, dµ(z)). We give also explicit evaluations of the norms of [Ch m,p ](z) in the Hilbert space L 2 (C, dµ(z)). To begin we recall that hermitian elements {h m,p (z)}, (m, p) ∈ Z + × Z + , of the Landau basis of L 2 (C, dµ(z)) are given by the following equivalent formulae:
Note that formula (3.2) permits to extend h m,p (z) as functions in (m, p) ∈ Z × Z such that for mp 0, for instance when m 0 and p 0 by setting in this case (i.e.
In particular the functions h m,−1 (z) = −( C, dµ(z) ). Then the coefficients can be specified as follows:
where (ii) For p 1 and m ∈ Z + we see that 
Proof. (i) For
[Ch m,p ](z) = 1 π C (−1
(z).
(iii) By using the explicit expression of h m,p (z) in terms of the confluent hypergeometric function 1 F 1 as given in Proposition 2.1 and (ii) of this proposition, we deduce that the system {Ch m,p } is orthogonal in L 2 (C, dµ(z)). 
But this easy to handle for it is a classical integral in special functions. I is then given by terms of the Gauss hypergeometric function 2 F 1 (a, b, c, x) ,
. Further knowing that 2 F 1 (a, c, c, x) = (1 − x) −a , |x| < 1, and applying this to the above Gauss hypergeometric function involved in I we get, finally,
That is the coefficients a F 1 (a, c, kx) 1 F 1 (a , c, k x) dx can be evaluated to be equal to
Now by using Proposition 3.1 we deduce that
According to the explicit expression of h m−1,p (z) in terms of the confluent hypergeometric function 1 F 1 as given in Proposition 2.1, we know that
Hence by replacing this into the integral (3.4) we can perform a polar coordinates change of variable to see that we can apply formula (3. 
for every real number x ∈ R .
Sketch of the proof of identity (3.5).
That as now stated the identity (3.5) can be shown using induction on m and some recursion formula holds for the 1 F 1 (a, c; x) . However, to identity (3.5) as stated above we were led to it in a natural manner by computing in two different ways 
Further using m integration by parts in the integral
with the fact that
and making simplification we get the desired result:
for m 0 and q 1 (integers).
Expansion of the kernel functions of the operators P m C and (P m C) (P m C) and proof of the main result as stated in the introduction
In this section, we consider the product of the orthogonal projection operator on Λ m (C), m = 0, 2, . . . with the Cauchy transform.
with kernel function In particular, for m = 0 we have 
(β) For m 1 we have For m = 0 we use the fact that
to deduce that
( we deduce that
By using the orthogonality of {h m,p }, we deduce that 
where 
In particular
By using the orthogonality of the system {e −|z| We give the final proposition whose proof should be omitted. 
